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Abstract
We study ergodic averages for a class of pseudodifferential operators on
the flat N-dimensional torus with respect to the Schro¨dinger evolution.
The later can be consider a quantization of the geodesic flow on TN . We
prove that, up to semi-classically negligible corrections, such ergodic
averages are translationally invariant operators.
1 Introduction
In this paper we study time averages for a class of pseudodifferential op-
erators on the N - dimensional torus TN = RN/(2πZ)N equipped with the
natural flat Riemannian metric. More generally, instead of the torus one can
consider a compact manifold X and a Riemannian metric g on X. Denote
by ∆ the corresponding Laplace operator (on functions).
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Let Q be a quantization of the cotangent space T ∗X of X, i.e. a linear
correspondence F → Q(F ), that to a class of functions F : T ∗X → C
associates operators Q(F ) in L2(X, dµ). Let A be an algebra generated by
all the operators Q(F ). The most popular choices for Q(F ) are pseudo-
differential operators on X with symbols F .
The averages are taken with respect to the time evolution given by a
unitary group
{
eitH
}
of operators in L2(X, dµ). There are two common
choices for the generator H of the evolution: H =
√−∆ or H = −12∆.
The later is the choice in this paper. This operator has discrete spectrum,
Hφn = µnφn. We can arrange µn so that µ1 ≤ µ2 . . .→∞.
The ergodic averages are, by definition, the following expressions:
< Q(F ) >:= lim
T→∞
1
T
∫ T
0
e−itHQ(F )eitH dt. (1)
The problem considered in this paper is to compute such averages and in
particular to relate them to the geodesic flow on T ∗X.
This problem belongs to the area of quantum chaos, which studies semi-
classical asymptotics of eigenfunctions and eigenvalues of quantum systems.
Here H is the quantum hamiltonian of the free particle on X, and can be
considered a quantization of the geodesic flow on T ∗X. Detailed survey of
this area is contained in [11] covering both the motivation and the overview
of the results.
One of the main problems in that theory is to study possible limit points
of the sequence of functionals
{F → (φn, Q(F )φn)}. (2)
The point is that the ergodic averages (1) may be more tractable than
general operators while not changing the limit structure of (2) since:
(φn, Q(F )φn) = (φn, < Q(F ) > φn),
which gives a motivation for our study.
There are numerous results and conjectures concerning those limit points
which depend on whether the corresponding geodesic flow is ergodic or not.
The case of ergodic geodesic flow is more interesting and will be briefly
reviewed in Section 2. If the geodesic flow is not ergodic but completely
integrable, as is the case for TN considered in this paper, the limits of (2)
are complicated, possibly reflecting different ergodic components (invariant
tori) of the geodesic flow. Some results in that direction are described in [10]
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and [2]. The main outcome of our analysis is that the ergodic averages are,
up to semiclassically negligible correction, equal to their classical averages:
< Q(F ) >= Q(F¯ ) + aF ,
where F¯ (p) = 1
(2pi)N
∫
TN
F (x, p) dNx, and aF is a semi-classically negligible
operator - see below. Moreover, if N=1, then aF is a compact operator.
The paper is organized as follows. In section 2 we shortly discuss ergodic
averages in different situations. Section 3 describes the class of pseudodif-
ferential operators used for our analysis. In section 4 we study the ergodic
averages. That section contains the main result.
2 Semi-classical Ergodicity
In what follows we give a short overview of quantum ergodic theorems. Let
A be an algebra of operators acting on a Hilbert space H, and let ρt be a
one-parameter group of ∗-automorphisms of A of the form
ρt(a) = e
itHae−itH , a ∈ A,
where H is a self-adjoint, usually unbounded operator on H. The main
object of ergodic theory are time averages
< a >:= lim
T→∞
1
T
∫ T
0
ρt(a) dt,
where the limit above is taken with respect to a suitable topology. Under
convenient assumptions, this limit exists and is ρt-invariant. The dynamical
system (A, ρt) is then called ergodic if the following statement holds (ergodic
theorem):
< a >= τ(a)I
where τ is a ρt- invariant state on A. For examples of this situation see [4],
[5], [6].
In many important quantum mechanical problems this scenario does not
apply [11], [3]. Let us assume that the spectrum of H is purely discrete:
Hφn = µnφn,
and µn →∞. One considers the following special, invariant state on A:
τ(a) = lim
E→∞
τE(a) := lim
E→∞
1
#{µn ≤ E}
∑
µn≤E
(φn, aφn). (3)
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Intuitively this state captures the information from very large eigenvalues of
H (=high energies) and is usually taken as the starting point of the semi-
classical ergodic theory. An operator a is called semi-classically negligible
if
τ(a∗a) := lim
E→∞
τE(a
∗a) = 0.
The dynamical system (A, ρt) is then called semiclassically ergodic if the
following statement holds (semiclassical ergodic theorem):
< a >= τ(a)I + Ca, (4)
where Ca is semi-classically negligible. A theorem of Zelditch [9] gives suf-
ficient conditions for (4) to hold. Let πτ be the GNS representation of A
associated with τ , where τ is given by (3). The theorem says that if we
assume that the algebra πτ (A) is commutative, and that πτ (ρt) is ergodic
(in the classical sense), then the system (A, ρt, τ) is semiclassically ergodic
i.e. (4) holds.
We now describe the main example of a semiclassically ergodic system.
Let Q(f) be a ψDO of order zero on X with symbol f : T ∗X 7→ C. Let
fP be the principal symbol of Q(f). It is a homogeneous function on the
cotangent bundle so, effectively, it is a function on the unit sphere bundle
of the cotangent bundle fP : ST
∗X 7→ C. Let γt be the geodesic flow on
ST ∗X and denote by dL the Liouville measure on ST ∗X. This measure
is invariant with respect to the geodesic flow γt. Moreover, if (X, g) has
constant negative curvature then γt is ergodic.
Take H :=
√−∆. Using ψDO theory one shows that
τ(Q(f)) := lim
E→∞
1
#{µn ≤ E}
∑
µn≤E
(φn, Q(f)φn) =
∫
ST ∗X
fP dL.
Let A be the C∗-algebra obtained as the norm closure of the algebra of order
zero ψDO on X. It is well known, and not difficult to prove, that A has the
following structure:
0 −→ K −→ A σ−→ C(ST ∗X) −→ 0.
Here K is the ideal of compact operators in L2(X, dµ) and σ is called the
symbol map. It follows that if πτ the GNS representation of A associated
with τ , we have πτ (A) = C(ST ∗X), which is abelian. The Egorov’s theorem
implies now that πτ (ρt) = γt, the geodesic flow on ST
∗X. So, if X has
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constant negative curvature, the ergodic theorem (4) follows. From here it
is not difficult to see that the following theorem, due to Colin de Verdiere
[1] and Schnirelman [8], is true: if X has constant negative curvature, there
is a subset S ⊂ N of density 1 such that
lim
n∈S,n→∞
(φn, Q(f)φn) =
∫
ST ∗X
fP dL. (5)
It was conjectured in [7] that the remainder term Ca in (4) is compact so
that the limit in (5) exists for every subsequence. If true, this would imply
that no “scars” exist for such systems.
Finally, when X = TN , the geodesic flow is not ergodic but is completely
integrable and the corresponding quantum system is not semiclassically er-
godic. The main result of this paper establishes an analog of (4) in this
case.
3 Operators
First we introduce a class of pseudodifferential operators suitable for our
analysis. In what follows TN is the N - dimensional torus considered as the
quotient TN = RN/(2πZ)N , and equipped with the induced flat Riemannian
metric. The cotangent space T ∗(TN ) of TN is naturally identified with
TN×RN . The operators we are interested in are constructed using symbols,
which are functions on TN × RN . To specify the class of functions we need
the following notation: for a bounded function F on TN × RN , continuous
in the TN direction, let F̂ be its partial Fourier transform along TN i.e.
F̂ (k, p) =
1
(2π)N
∫
TN
F (x, p)e−ikx dNx.
Define Cr(T
N × RN ), r > N , to be the space of functions F on TN × RN
such that
||F ||r := sup
(k,p)∈ZN×ZN
∣∣∣(1 + |k|2)r/2 F̂ (k, p)∣∣∣ <∞. (6)
It should be noted that in the above definition only the values of F (x, p) on
TN ×ZN matter as justified below by the formula (8) for the operator Q(F )
defined by F . Also Cr(T
N ×RN ) is a Banach space and linear combinations
of functions of the form f(x)g(p), where f is a trigonometric polynomial,
form a dense subspace in Cr(T
N × RN ). Moreover we have:
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Proposition 1
1
Cr
sup
(x,p)∈TN×ZN
|F (x, p)| ≤ ||F ||r ≤ sup
(x,p)∈TN×ZN
|(1 −∆)r/2F (x, p)|
where ∆ is the laplacian on TN and
Cr =
∑
k∈ZN
(
1 + |k|2)−r/2 . (7)
(As stated above we assume r > N throughout the paper).
Proof. We have:
sup
(x,p)∈TN×ZN
|F (x, p)| = sup
(x,p)∈ZN×ZN
∣∣∣∣∣∣
∑
k∈ZN
F̂ (k, p)eikx
∣∣∣∣∣∣ ≤
≤ sup
p∈ZN
∣∣∣∣∣∣
∑
k∈ZN
F̂ (k, p)
∣∣∣∣∣∣ ≤
≤ sup
(k,p)∈ZN×ZN
∣∣∣(1 + |k|2)r/2 F̂ (k, p)∣∣∣ ∑
k∈ZN
(
1 + |k|2)−r/2 .
which proves the first inequality. On the other hand we have:
sup
(k,p)∈ZN×ZN
∣∣∣(1 + |k|2)r/2 F̂ (k, p)∣∣∣ = sup
(k,p)∈ZN×ZN
| ̂(1−∆)r/2F (k, p)| ≤
≤ sup
(x,p)∈TN×ZN
|(1−∆)r/2F (x, p)|,
because |f̂(k)| ≤ supx∈TN |f(x)|. 
To each symbol F ∈ Cr(TN × RN) we associate a bounded operator
Q(F ) in L2(TN , dNx) by the following, global version of the usual formula:
Q(F )ψ(x) =
1
(2π)N
∑
k∈ZN
∫
TN
F (x, k) eik(x−y) ψ(y) dNy.
Notice also that writing ψ ∈ L2(TN , dNx) in the Fourier series:
ψ(x) =
∑
k∈ZN
ψke
ikx,
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we have
Q(F )ψ(x) =
∑
k∈ZN
ψk F (x, k) e
ikx. (8)
Lemma 2 We have
||Q(F )|| ≤ Cr||F ||r,
where Cr is given by (7).
Proof. Note that in the formulas below the summation indexes run over ZN .
We study (ψ,Q(F )ψ) with ψ(x) =
∑
ψke
ikx. Using (8) we obtain:
(ψ,Q(F )ψ) =
∑
k,l,m
ψ¯kψmF̂ (l,m)
∫
TN
ei(l+m−k)x
dNx
(2π)N
=
=
∑
k,m
ψ¯kψmF̂ (k −m,m) =
∑
k,m
ψ¯kψmF̂ (k −m,m)(1 + (k −m)
2)r/2
(1 + (k −m)2)r/2 .
It follows that:
|(ψ,Q(F )ψ)| ≤ ||F ||r
∑
k,m
|ψk| |ψm| (1 + (k −m)2)−r/2 =
= ||F ||r
∑
k,l,m
|ψk| |ψm| (1 + l2)−r/2
∫
TN
ei(l+m−k)x
dNx
(2π)N
Let ψ˜(x) =
∑
k |ψk|eikx. Notice that ||ψ˜|| = ||ψ||. We can use ψ˜ to write
the above estimate as
|(ψ,Q(F )ψ)| ≤ ||F ||r (ψ˜,
∑
l
(1 + l2)−r/2 eilx ψ˜) ≤
≤ ||F ||r sup
x∈TN
∣∣∣∣∣∑
l
(1 + l2)−r/2 eilx
∣∣∣∣∣ ||ψ˜||2 ≤ Cr ||F ||r ||ψ||2,
and the claim follows. 
Proposition 3 If F ∈ Cr(TN × RN ) and |F (x, p)| → 0 as p → ∞, then
Q(F ) is a compact operator.
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Proof. First notice that if |F (x, p)| → 0 as p → ∞ then also |F̂ (k, p)| → 0
as p→∞. Indeed:
|F̂ (k, p)| =
∣∣∣∣ 1(2π)N
∫
TN
F (x, p)e−ikx dNx
∣∣∣∣ ≤ sup
x∈TN
|F (x, p)| → 0.
Consider now FL(x, p) :=
∑
|k|≤L F̂ (k, p)e
ikx. It follows that |FL(x, p)| → 0
as p → ∞. Additionally FL → F in Cr(TN × RN ), which by Lemma 2
implies Q(FL) → Q(F ) in norm. Finally Q(FL) is a compact operator.
Indeed, for each Fourier coefficient F̂ (k, p) we have
Q(F̂ (k, ·))einx = F (k, n)einx.
This means that Q(F̂ (k, ·) has discrete spectrum equal to F (k, n), n ∈ ZN
which goes to 0 as n → ∞, implying that Q(F̂ (k, ·) and also Q(FL) are
compact operators. Finally, Q(F ) is compact as a norm limit of compact
operators. 
The following observation is worth a notice even though it is not used
in the remainder of the paper. It gives more information on the topological
properties of the quantization map F → Q(F ).
Proposition 4 If Fn → F pointwise (a.e.) and if {Fn} have uniformly
bounded norms (in Cr(T
N × RN )) then Q(Tn)→ Q(T ) weakly.
Proof. First notice that Proposition 1 and uniform boundedness of Cr(T
N×
RN ) norms implies that {Fn} are uniformly bounded, that is, their sup
norms are uniformly bounded. It follows using Lebesque dominated conver-
gence theorem that F̂n → F̂ pointwise. To show weak convergence of Q(Fn)
we study (ψ,Q(Fn)ψ) just as in Lemma 2. We have
(ψ,Q(Fn)ψ) =
∑
k,m
ψ¯kψmF̂n(k −m,m),
and by the previous remark the inside of the sum converges pointwise to
ψ¯kψmF̂ (k −m,m) as n→∞. Also
|ψ¯kψmF̂n(k −m,m)| =
∣∣∣∣∣ψ¯kψmF̂n(k −m,m)(1 + (k −m)2)r/2(1 + (k −m)2)r/2
∣∣∣∣∣ ≤
≤ (sup
n
||Fn||r) |ψk| |ψm| (1 + (k −m)2)−r/2.
The last expression is summable just as in the proof of Lemma 2, so using
Lebesque dominated convergence theorem again concludes the proof. 
8
4 Ergodic averages
Let H be the following operator in L2(TN , dNx):
H := −1
2
∆ = −1
2
(
∂2
∂x1
+ . . . +
∂2
∂xN
)
,
and let φn = e
inx ∈ L2(TN , dNx). Then Hφn = µnφn with µn = n2/2. We
are interested in studying the norm limits:
< Q(F ) >:= lim
T→∞
< Q(F ) >T := lim
T→∞
1
T
∫ T
0
e−itHQ(F )eitH dt,
called ergodic averages.
The following general lemma deals with ergodic averages of compact
operators.
Lemma 5 If C is a compact operator and H has discrete spectrum with
finite multiplicities, then lim
T→∞
1
T
∫ T
0 e
−itHCeitH dt exists in norm and is a
compact operator.
Proof. We study the weak limit first:
< C >= w − lim
T→∞
< C >T= w− lim
T→∞
1
T
∫ T
0
e−itHCeitH dt.
The matric elements with respect to the basis of eigenvectors of H are
(φi, < C >T φj) = (φi, Cφj)
1
T
∫ T
0
eit(λi−λj) dt.
Consequently,
(φi, < C > φj) =
{
0 if λi = λj
(φi, Cφj) otherwise.
(9)
We need the following notation. Writing the spectral decomposition of the
Hilbert space H = ⊕iHi with respect to operator H, denote by Pi the
orthogonal projection onto Hi, the eigenspace corresponding to eigenvelue
λi. Projections Pi are mutually orthogonal PiPj = δijPi. We will also need
P≤n :=
∑
i≤n Pi, and P≥n :=
∑
i≥n Pi. We have
PiP≥n = Pi,
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if i ≥ n. In this notation we have
< C >=
∑
i
PiCPi,
where the limit defining the series is in the weak topology. We claim that
< C > is compact. To prove it we show that
||
∑
i≥n
PiCPi|| → 0 as n→∞.
This implies that < C > is compact as a norm limit of compact operators.
We compute:
||
∑
i≥n
PiCPix||2 =
∑
i≥n
||PiCPix||2 =
∑
i≥n
||PiP≥nCPix||2 ≤
≤ ||P≥nC||2
∑
i≥n
||Pix||2 ≤ ||P≥nC||2 ||x||2.
Consequently,
||
∑
i≥n
PiCPi|| ≤ ||P≥nC|| → 0 as n→∞,
since C is compact.
So far we have
w − lim
T→∞
< C >T=< C >,
with compact < C >. Observe also that the averaging is a contraction:
|| < C >T || ≤ ||C||.
To prove that < C >T converges to < C > in norm we set up an approxi-
mation argument. To this end we introduce Cn := P≤nCP≤n. We have:
• Cn → C in norm (by compactness of C).
• < Cn >T→< C >n:= P≤n < C > P≤n weakly, but since Cn are finite
dimensional, it means in norm.
• < C >n→< C > in norm (by compactness of < C >).
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It follows that in the estimate
|| < C >T − < C > || ≤ || < C −Cn >T ||+
+|| < Cn >T − < C >n ||+ || < C >n − < C > ||,
all three terms are small. 
Corollary 6 If F ∈ Cr(TN × RN ) and |F (x, p)| → 0 as p → ∞, then
< Q(F ) > is a compact operator.
Proof. This immediately follows from Proposition 3 and Lemma 5. 
Next we study ergodic averages of arbitrary operators Q(F ). To this end
we obtain an explicit formula for eitHQ(F )e−itH .
Lemma 7 If F ∈ Cr(TN × RN ) then
eitHQ(F )e−itH = Q(Ft), (10)
where Ft ∈ Cr(TN ×RN ) and
Ft(x, p) = e
−it∆x/2 (F (x+ tp, p)) , (11)
where ∆x =
∂2
∂x1
+ . . .+ ∂
2
∂xN
is the Laplace operator in the x-coordinate. In
Fourier transform:
F̂t(k, p) = e
it(k2/2+kp) F̂ (k, p). (12)
Notice that in (11) the argument shift x→ x+tp is precisely the geodesic
flow on the cotangent space of TN with respect to the flat metric. The
action of e−it∆x/2 on F in (11) is a quantum effect, and, as we will see, it
does influence the ergodic properties of the operators.
Proof. Since F̂ and F̂t differ by a phase it follows that F and Ft have the
same norm:
||Ft||r = ||F ||r.
Because of this, the usual 2ǫ argument shows that it is enough to verify (10)
for a dense set of F ’s. Indeed, if Fn → F and (10) holds for Fn then in the
following estimate all terms are small:
||eitHQ(F )e−itH −Q(Ft)|| ≤ ||eitH(Q(F ) −Q(Fn))e−itH ||+
+||eitHQ(Fn)e−itH −Q((Fn)t)||+ ||Q((Fn)t)−Q(Ft)||.
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Also, both sides of (10) are linear in F so it is enough to verify the hypothesis
for functions in the following form: F (x, p) = eikxg(p), since linear combi-
nations of them form a dense set in Cr(T
N ×RN). Applying eitHQ(F )e−itH
to ψ(x) =
∑
l ψle
ilx we obtain
eitHQ(F )e−itHψ(x) =
∑
l
eit(k+l)
2/2 eikx g(l) e−itl
2/2 ψl e
ilx =
= eitk
2/2
∑
l
eik(x+tl) g(l)ψl e
ilx =
= Q(eitk
2/2 eik(x+tp) g(p))ψ(x) = Q(Ft)ψ(x),
which concludes the proof. 
Now we use Lemma 7 to explicitly calculate ergodic averages of Q(F ). It
turns out that long time averaging simply drops most frequencies out from
F as described by the following lemma.
Lemma 8 The norm limit < Q(F ) >:= lim
T→∞
1
T
∫ T
0 e
−itHQ(F )eitH dt exists
and < Q(F ) >= Q(< F >), where
< F >=
∑
{k∈ZN : kp+k2/2=0}
F̂ (k, p)eikx. (13)
Proof. The following observations:
• < · > is a contraction: || < Q(F ) >T || ≤ ||Q(F )||,
• norm estimate: ||Q(F )|| ≤ Cr||F ||r, and
• < Q(F ) >T= Q
(
1
T
∫ T
0 Ft dt
)
,
imply that in order to prove the lemma we need to show that the norm limit
of 1T
∫ T
0 Ft dt in Cr(T
N × RN) is < F >.
Let us write down the formulas for the Fourier components of Ft and
< F >. Formula (12) gives:
F̂t(k, p) = e
it(k2/2+kp) F̂ (k, p).
It follows that
1
T
∫ T
0
F̂t(k, p) dt =
F̂ (k, p) if kp+ k
2/2 = 0(
eiT (kp+k
2/2)−1
)
iT (kp+k2/2) F̂ (k, p) otherwise.
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Formula (13) implies:
<̂ F >(k, p) =
{
F̂ (k, p) if kp+ k2/2 = 0
0 otherwise.
We can now estimate the norm of the difference:
|| 1
T
∫ T
0
F̂t dt− < F > ||r =
= sup
{k,p∈ZN : kp+k2/2=0}
(1 + k2)r/2
∣∣∣∣∣∣
(
eiT (kp+k
2/2) − 1
)
iT (kp+ k2/2)
∣∣∣∣∣∣ |F̂ (k, p)| ≤
≤ 2
T
||F ||r sup
{k,p∈ZN : kp+k2/2=0}
|(kp + k2/2)−1| ≤ 4
T
||F ||r,
where in the last step we used the fact that kp+k2/2 is half-integer. Clearly
this implies that 1T
∫ T
0 Ft dt converges in norm to < F > and the thesis
follows. 
Let, as before, µn = n
2/2 be the eigenvalues of H. We use the notation
N(E) := #{µn ≤ E} for the number of eigenvalues of H which are less or
equal E. Recall [11] that an operator a is called semi-classically negligible
(SN) with respect to H if
τ(a∗a) := lim
E→∞
τE(a
∗a) := lim
E→∞
1
N(E)
∑
µn≤E
(φn, a
∗aφn) = 0.
Proposition 9 Semi-classically negligible operators form a closed left-sided
ideal in the algebra of all bounded operators.
Proof. We need to verify the following three things:
1. If a, b are SN so is a+ b
2. If ak → a and ak are SN then a is also SN
3. If a is SN and b bounded then ba is SN
Since (φn, a
∗aφn) = ||aφn||2, part 1 follows from the estimate:
||(a + b)φn||2 ≤ 2(||aφn||2 + ||bφn||2). (14)
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To prove part 2 we set up a 2ǫ estimate. Using (14) we get:
1
N(E)
∑
µn≤E
||aφn||2 ≤ 2
N(E)
∑
µn≤E
||(a − ak)φn||2 +
+
2
N(E)
∑
µn≤E
||akφn||2 ≤ 2||(a − ak)||2 + 2
N(E)
∑
µn≤E
||akφn||2,
and both terms are small. Finally, part 3 is obvious:
||baφn||2 ≤ ||b||2 ||aφn||2.

The following is the main result of our paper:
Theorem 10 With the above notation
< Q(F ) >= Q(F¯ ) + aF ,
where
F¯ (x, p) = F̂ (0, p) =
1
(2π)N
∫
TN
F (x, p) dNx,
and aF is a semi-classically negligible operator. Moreover, if N=1, then aF
is a compact operator.
Proof. We can rephrase the theorem as saying that all but zero Fourier
component of F give rise to operators with semi-classically negligible ergodic
averages. Also notice that typically if F̂ (0, p) does not go to 0 as p → ∞
then Q(F¯ ) is not SN.
Items 1 and 2 in Proposition 9 let us use an approximation argument. In-
deed it is enough to verify that for functions in the following form: F (x, p) =
eikxg(p), k 6= 0, the corresponding ergodic averages < Q(F ) >= Q(< F >)
are SN.
It follows from (13) that for such F we have
< F > (x, p) =
{
eikxg(p) if kp + k2/2 = 0
0 otherwise.
Since Q(< F >)φn(x) =< F > (x, n)e
inx we have
Q(< F >)φn(x) =
{
ei(k+n)xg(n) if kn+ k2/2 = 0
0 otherwise.
(15)
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We can now estimate τE(Q(< F >)
∗Q(< F >)) as follows:
1
N(E)
∑
µn≤E
||Q(< F >)φn||2 =
=
1
N(E)
∑
{n∈ZN : µn≤E, kn+k2/2=0}
|g(n)|2 ≤
≤ ||F ||r
#{n ∈ ZN : 12n2 ≤ E, kn+ k2/2 = 0}
#{n ∈ ZN : 12n2 ≤ E}
.
In the above expression the denominator #{n ∈ ZN : 12n2 ≤ E} behaves like
EN/2 for large E, while the numerator, because of the constraint kn+k2/2 =
0 grows at most like EN/2−1, if N > 1. Consequently,
1
N(E)
∑
µn≤E
||Q(< F >)φn||2 = O(1/E),
which proves that Q(< F >) is SN. Consider now the case of N = 1. We
can again use an approximation argument and, just as before, it is enough
to verify that for functions in the following form: F (x, p) = eikxg(p), k 6= 0,
the corresponding ergodic averages < Q(F ) >= Q(< F >) are compact.
Examining formula (15) we see that Q(< F >)φn(x) is nonzero only when
kn + k2/2 = 0. But this equation has no solutions if k is odd, and one
solution n = −k/2 if k is even. In any case we obtain a finite dimensional
operator. Since norm limits of finite dimensional operators are compact, the
theorem is proved. 
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